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The integrals in Gradshteyn and Ryzhik. 
Part 13: Trigonometric forms of the beta function 

^ , Victor H. Moll 

(N 

5^ ' Abstract. The table of Gradshteyn and Rhyzik contains some trigonometric 

O 1^ integrals that can be expressed in terms of the beta function. We describe the 

evaluation of some of them. 



X 



1. Introduction 

The table of integrals [?] contains a large variety of definite integrals in trigono 



metric form that can be evaluated in terms of the beta function defined by 



(1.1) B{a,b)= x^-'il-xf-'dx 



1 







The convergence of the integral requires a, b > 0. 

The change of variables x — sin^ t yields the basic representation 

y.7r/2 

> 

CO i that, after replacing (2a, 2b) by (a, b), is written as 



/■t/2 

(1.2) B{a,b) = 2 sin2°-it cos2''-iidt, 

Jo 



(1.3) / sin''-' t cos"-' tdt^-B [-,-]. 



O ; This appears as 3.621.5 in [?]. 
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2. Special cases 

In this section we present several special cases of formula (|1.3|) that appear in [?] 
Example 2.1. The choice 6 = 1 in (|1.3p gives 

nTT/2 1 / 1 N 

(2.1) / sm^-^dt^ -B ' 
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Legendre's duplication formula 

22a-l 

(2.2) r(2a) = ^^r(a)r(a + i) 

can be used to write (j2.1l) as 

-"^/^ - - /a a\ 2-^-2 r2(a/2) 



(2.3) sin-itdt = 2-2i?(^,^) 
This is 3.621.1 in [?]. The dual evaluation 

(2.4) / cos°~4dt = 2''"25 (-, - ^' ^ 



r(a) 



JO ^2' 27 r(a) ' 

comes from the change of variables t ^ ^ —t. The reader will find a proof of (|2.2p in 
[?]• 

Example 2.2. The special case a = i in ((Ol) gives 3.621.7: 

/o Vsina; 2\/27r 
Example 2.3. The special case a = | in ([Q]) gives 3.621.6: 



(2.5) 



(2.6) 



j \/sinxdx = Y -r^ (3) 



Example 2.4. The special case a = | in ((Ol) gives 3.621.2: 

(2.7) sin3/2 ^ ^ ^^r^ (i) . 

' 6^2^ ^^'^ 







Example 2.5. The special case a = 2m + 1 in (j2.3p gives 

(2.8) / sin2'"xdx = 22"-iB(m+i,m + i) 
"'0 

and using the identity 

(2-9) r(m+l) = ^i^ 
it yields 

(2.10) / sin^^xdx = -^s^r- 
This appears as 3.621.3. Similarly, a = 2m + 2 in (j2.3p gives 

^7r/2 

(2.11) / sin2"+ixdx = 22™S(m + l,m + l), 
Jo 

that can be written as 

(2.12) / sin2™+ixdx ' ^ 
Jo 

This is 3.621.4. 



(2m + 1) \ m 
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Example 2.6. The integral 3.622.1 is 



7r/2 ^7t/2 

tan*° xdx ^ / sin^° x cos^" x dx 



= is(i±ii,l-lf^) 

= ^r(i|^)r(i~i±^) 

and this reduces to 

tan a; da; 



2 cos(7ra/2) ' 

as it appears in the table. 
Example 2.7. The identity 

(2.13) tan°-i a; cos^''-^ a; = sin""^ x cos^^""-! x 

shows that 
(2.14) 

tan'^-i a; cos^^"^ xdx= sin""^ x cos^^"''"^ xdx = -B 



2' 

This appears as 3.623.1. 

Example 2.8. The formula 3.624.2 states that 

(2 15) r'" ''^''"''^ dx r(f + i)r(l-a) 

^ ^ io cos2-ia: 2r(|-f) • 

This comes directly from (jl.3p . 

Example 2.9. The identity 3.627: 

(2.16) r ^ - r ^ '^-^ - sin f ™ 
^ ' 7o cos'^a; Jq sin" a; 2«0r V 2 

can be verified by writing the first integral as 

(2.17) / = sin" X cosi-2" xdx='^B {^^, 
The beta function is 

(2.18) lfa^l^\^n%^\)V{\-a)^ 

^ ' 2 V 2 ' 2 y 2r(i-§) 

Using r(i)r(l — t) — ^.^^^ we can reduce (|2.18p to the expression in (|2.16p 
Example 2.10. The evaluation of 3.628 

f^,^, 2p ■ 2P-1 , r(p)r(i-p) 

(2.19) / sec^a: sm xdx — — ^= , 

Ja 2V7r 

is direct, once we write the integral as 

r.7r/2 

(2.20) 



r' _ _ 1 

j 008'"^^ xsm^P~^ xdx ^ -B - p,p) 
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3. A family of trigonometric integrals 

In this section we present the evaluation of a family of trigonometrical integrals 
in [?]. Many special cases appear in the table. 

Proposition 3.1. Let a, b, c eM. with the condition 

(3.1) a + b + 2c + 2 = 0. 
Then 

(3.2) / sin'^x cos^a; cos=(2a;)da; = -B ,c+l 



Proof. Let t = tanx to obtain 

(3.3) [ \m''xC0s''xCOs''{2x)dx= [ ^'^(l - i^^c^^ ^ ^2)-(a+b+2c+2)/2 

and (|3.ip yields 

(3.4) / sm." X cos^ X cos''{2x)dx = I t^il-fydt. 
Jo Jo 

The change of variables s = produces 
(3.5) 

and this last integral has the given beta value. □ 



J sin'' X cost's cos=(2x)(ix = -y s'^''-^'>/'^{l - sf ds, 



Example 3.2. The formula p.2p . with a = 2n, b = —2p — 2n — 2 and c = p appears 
as 3.625.2 in [?]: 

, , r^Sin^^a; cosP(2a;) 1,1 x 

(3-6) I ^^,2p+2n+2j dx = ^,B{n + Ip+ I). 

Example 3.3. The formula 3.624.3 

, , cos"-i/2(2a;) tt f2n 

/ „„„2n+i ^ dx = 



cos2"+i X 22»+i \ n 

corresponds to the case a = 0, b = —2n — 1 and c = n — i. 
Example 3.4. Formula 3.624.4 in [?] 

(3.8) -^^^^ dx = 22^S(m + 1, a* + 1) 

Jo cos^^'"+-^J X 

corresponds to a = 0, 6 = —2fi — 2 and c = fi. Then (13. 2p gives 

cos^(2x) 1 /I 



(3-9) / \ dx = -B[-,a + l 



The duplication formula 

221-1 

(3.10) r(2x) = ^^r(a;)r(a; + i), 
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transforms into ((X^ . 

Example 3.5. The values a = 2/i — 2, = and c = ji produce 3.624.5: 

,3,u, r'*5is!;2£,,-r,.-|)r(i-.) 



cos^(2a;) 20r 

directly. Indeed, the answer from (13. 2p is — 1/2, 1 — A')/2- The table also has the 
alternative answer 2^~^^^B{2fi — 1, 1 — /i) that can be obtained using p.lOp . 

Example 3.6. Formula 3.625.1: 

r^Sin^"-!^ cosf(22;) , 

corresponds to a = 2n — 1, 6 = — 2p — 2n — 1 and c ~ p. 

Example 3.7. The choice a = 2n — 1, 6 = — 2n — 2m and c — m — ^ gives 3.625.3: 

sin'""' 2: cos'"-i/2(2x) ^ 1 1 
(3.13) / TT-r^ ^ — -dx ^ -Bin,m+ ^ 



X 



2l 



For n, m € N we can also write 

, r/"* sin^""^x cos'"-i/2(2a;) , 2^''-^ { 2m\ {2n + 2m\~^ { n + ni\~^ 



j,Qg2n+2m n\my\71 + TO 

Example 3.8. The values a — 2n, b — —2n — 2m — 1 and c = m — ^ give 3.625.4: 

/o ..N sin2"a; cos"-i/2(22;) i 

(3.15 / o ^^ — -dx^ -B{n+^,m+^) . 

For n, m g N we can also write 

r/-* sin2"a; cos™-i/2(2a;) _ tt /2n^| /^2m^| /^n + 
(3- 6) cos2"+2™+i X ^ 22"+2"+i i n 

Example 3.9. Formula 3.626.1: 

sin2"-i X 



(3.17) / .„^o ^cos(2x)dx^-B{n,i/2), 



comes from (j3.2l) with a = 2n — 1. = — 2n — 2 and c— 1/2. For n e N we have 

r'^sin^'^-^x . -— , 22"(n-l)!n! 

(3.18) / .J^^^)dx- ^ ' 



cos2"+2a;^ ^ ^ (2n+l)! 
Example 3.10. The last example in this section is formula 3.626.2: 

(3.19) / ' Vcos{2x) dx = ^Bin + 1, |), 



comes from (j3.2p with a — 2n, b = —2n — 3 and c = 1/2. For n G N we have 
(3.20) / Vcos(2x)da;^ ^ ^ 



cos2"+3 x ' ' 22»+2 nl {n + 1] 
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